We first study the thermodynamics of Bardeen-AdS black hole by the T -r h diagram, where T is the Hawking temperature and r h is the radius of event horizon. The cut-off radius which is the minimal radius of the thermodynamical stable Bardeen black hole can be got, and the cut-off radius is the same with the result of the heat capacity analysis.
I. INTRODUCTION
Thermodynamics of black holes have been researched for many years. And lots of interesting phenomena were presented, such as first law of black holes thermodynamics, Smarr relation. Hawking and Page [1] firstly studied thermodynamics properties of AdS black holes, they found the existence of a certain phase transition in the phase space of the Schwarzschild-AdS black hole. Since then, more and more thermodynamics properties of black holes have been dug. Ref. [2] is about KerrNewman black holes in AdS space, ref. [3] is about regular black holes, and ref. [4] is about criticality of charged AdS black holes. By extending these concepts, it was shown that such phase transitions are not only for the AdS spaces, but also occur in asymptotically dS spaces and flat spaces [5] . On the other hand, thermodynamics of black holes in AdS space has generated attention because of AdS/CFT (conformal field theory) duality [6] . Such a duality relates thermodynamics of black holes in AdS space to the thermodynamics of dual CFT. So, studying the phase transitions of AdS black holes leads to a new way of studying phase transitions in the dual field theories [7] .
Usually, black holes have singularities inside the horizons where the curvature scalar goes to infinity. When searching for black holes without singularity, one natural question is arisen and it is whether we can achieve them by relaxing the matter hypothesis in the singularity theorems. So, there are also some black holes without singularity at the origin, called regular black holes. It has been argued that singularities do not exist in nature, and the singularity problem should be solved in the frame of quantum gravity. Since we do not have a developed quantum gravity theory yet, a thorough discussion on the singular black holes seems impossible. Instead, a few black holes solutions without a central singularity have been proposed and investigated. Bardeen obtained a black hole solution without a singularity in 1968 [8] .
In 2000, Ayón-Beato and García showed that the Bardeen black hole can be interpreted as a gravitationally collapsed magnetic monopole arising in a specific form of non-linear electrodynamics [9] . And the corresponding Lagrangian was presented.
So, a lot of attentions have been attracted by it recently. Moreno and Sarbach studied the dynamical stability properties of the Bardeen black hole and other regular black holes [10] , the thermodynamical stability of black holes with nonlinear electromagnetic fields is researched by [11] . Quasinormal modes of the Bardeen black hole also have been studied by refs. [12] [13] . And the thermodynamic quantities of the Bardeen black hole were studied by refs. [14] [15] [16] . Moreover, Sharmanthie
Fernando studied the Bardeen black hole in de-Sitter space [17] . This paper is organized as follows. In Sec. II, we firstly review the Bardeen black hole and compute the Hawking temperature of the Bardeen black hole. Then we discuss the stability of the Bardeen black hole by the Gibbs free energy and the heat capacity. And the second-order phase transition is also discussed by the heat capacity. The conclusions are given in Sec. III
II. THE BARDEEN BLACK HOLES IN ADS SPACE
The Bardeen black hole is known as a black hole without singularity, and it can be interpreted as a gravitationally collapsed magnetic monopole arising in a specific form of non-linear electrodynamics [9] .The corresponding action is given by
Here, R is the scalar curvature, and L(F ) [17] is a function of F = 1 4
where g and M corresponds
to the magnetic charge and the mass of the black hole. The field strength of the non-linear electrodynamics F µν is given by
The field equations of motion derived from the action in Eq. (1) is given by
Then, we consider the line element of the Bardeen-AdS black hole in [17] 
Here, dΩ 2 stands for the standard element on the unit two-sphere and function f (r)
is given by
where Λ is negative cosmological constant. As all know
So, we can rewrite f (r) as
When
we get
We can also get the radial equation yields of Eq. (4) at r = r h , which is
Multiplying dr h at both sides of the function, we can get the first law of thermodynamics at black holes horizon, which is
where we set P = − Λ 8π
and identify [18] 
And it can back to Schwarzschild AdS black holes [1] when g = 0. It can also back to Bardeen black hole without cosmological constant [16] . Then one can get entropy of the black holes, which is
A. Hawking temperature
As can be seen from FIG.1, when g is large enough, the Hawking temperature respect to r h is increasing monotonically. It is interesting that rich phenomena will be showed when g becomes small enough. There is a critical value of g. Using
and a appropriate solution is The others are negative or not real. g m is a critical value, that is to say, when g > g m , there is just a black hole without the second-order phase transition. Phase transition will be turned on while g ≤ g m . As we know, parameter g is the monopole charge of a self-gravitating magnetic field described by a nonlinear electrodynamics [9] .
So the Bardeen black hole can be strongly influenced by parameter g. There is also another phenomenon that the Bardeen black hole can not be infinitesimal, one can easily calculate the minimal radius, when
We call r s cut-off radius, which is the minimal radius of the Bardeen black hole. The larger g is, the larger r s is. Minimal radius means the radius of the Bardeen black hole can not be smaller than it. When one get a Bardeen black hole's radius r h by other method, the rationality of it should be discussed in our framework. A comparison with r m is necessary. If it is smaller than the minimal radius, the discussion of the black hole of this state would be meaningless. And the stability can also be read from the Gibbs free energy, we will study it in next subsection.
In this subsection, we study the Gibbs free energy in grand-canonical ensemble.
The Gibbs free energy is defined as
where M is mass as defined, and T is Hawking temperature. S is entropy of the black holes. Then we calculate out:
A figure of G respect to r h is plotted as is no extreme value point for g > g m . As for g < g m , there are two extreme value points. And there is only an inflection point for g = g m . It is obvious that the value of g has something to do with the phase transitions. In all the cases, the curves cross the horizontal axis and G change from positive to negative. And second-order phase transition will occur only for g ≤ g m . We will study these carefully in next subsection. The Gibbs free energy becomes very large when r h is small. It is well known that when the Gibbs free energy is lower, the system is more stable and vice versa. So, the Bardeen black hole is very unstable when radius of event horizon is small. It is consistent with the result we have illustrated before. Conversely, when the Bardeen black hole is large enough, it will be stable.
C. The heat capacity
The stability is about a thermodynamical stability and it is usually studied by analysing the behaviour of the entropy S. The stability requires that the entropy hypersurface lies everywhere below its family of tangent hyperplanes, i.e. the entropy must be a concave function of the entropic extensive parameters. This requires thermal capacity must be positive. So, in this section, we study the heat capacity.
There are three cases for g < g m , g = g m and g > g m . We will discuss respectively in this subsection. Generally, the heat capacity is obtained as
When C p = 0, there are four solutions, the reasonable one that we get is
which is the same with Eq. (10). As can be seen before, r s is cut-off radius, and the Bardeen black hole is unstable when r h < r s . From the heat capacity, we all know that black holes are stable when C p > 0. which is the classical thermodynamical stability condition [19] . So we get the same conclusion through both Hawking temperature and the heat capacity.
When the heat capacity is divergent, the second-order phase transition will hap-pen. We can calculate it by setting
When the 0 < g < 
where
It is obvious that there are two divergent points. And we plot pictures to study in detail.
As can be seen from FIG. 4 , when r h is smaller than r m the heat capacity is negative, which also shows the minimal radius is r m . The two divergent points are also shown in FIG. 3 . This means the second-order phase transitions will occur at those points. The heat capacity changes from positive to negative at the first divergent point, the case at the second point is inverse. Generally, the volume of black holes is not changed while second-order phase occurs. It is just from stable state to unstable state and vice versa. Between the two divergent points, the heat capacity is negative, this is an intermediate state which is unstable. The detailed information about this state needs to be researched in the future, and ref. [20] can
give some advice.
When r 1 = r 2 , one can solve
In this case, two phase transition points degenerate into one. That means it is the critical phase transition. So, it is not strange that Eq. (20) for r h > r m . After phase transition, it is also positive. The physics process presents the change from the small black hole to the large black hole [21] .
The last case is that when g > g m , there is no second-order phase transition. Figure 7 . Plot of the heat capacity of r h . We have set l = 1, and g = 0.2.
As can be seen from FIG. 7, there is no divergent point. And when r > r s , the heat capacity is positive, so the Bardeen black hole is stable.
III. CONCLUSIONS
Phase transitions for AdS black holes have been analyzed in thermodynamic variables. We study the Bardeen black hole, which has no singularity with a parameter g.
We find the cut-off radius r s . When r h is small, the Bardeen black hole is very unstable. This can be also read from Gibbs free energy and the heat capacity. Moreover, different phenomena will turn on when the value of g is different. We computed the critical value g m . When g < g m , there are two second-order phase transition points.
Between the two points, the capacity is negative, which is the unstable intermediate state. When g = g m , the two phase transition points degenerate into one, which represents the change from a small black hole to a large black hole. There is no second-order phase transition for g > g m . The stability of the Bardeen black hole is also discussed from Gibbs free energy and the heat capacity, both of them point to the same result.
